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VECTOR BUNDLES ON FANO VARIETIES OF GENUS TEN 



MICHAL KAPUSTKA AND KRISTIAN RANESTAD 



Abstract. In this note we describe a unique linear embedding of a prime 
Fano 4- fold F of genus 10 into the Grassmannian G(3, 6). We use this to 
construct some moduli spaces of bundles on sections of F. In particular the 
moduli space of bundles with Mukai vector (3, L, 3) on a generic polarized K3 
surface {S, L) is constructed as a double cover of P^ branched over a smooth 
C " !) ' sextic. 



1. Introduction 

Cn \ Mukai showed that a polarized Fano 4-fold {F, L) of genus 10 and index 2 has 

a unique linear embedding as a hyperplane section of the homogeneous variety 
G2 C P^^, the closed orbit of the adjoint representation of the simple Lie Group 
(G2 [3 ch 22]. This is part of his famous linear section theorem [H] thm 2] and 
[12) . on smooth varieties whose general linear curve section is a canonical curve of 

r^ ■ genus at most 10. Kuznetsov [SI sec 6.4, App. B] showed that every hyperplane 

j^ , section of G2 admits a pair of possibly isomorphic vector bundles of rank 3 with 6 

independent sections. In this paper we show 

Theorem 1.1. Any smooth hyperplane section of G2 admits a unique linear em- 
p\j . bedding as a linear section in the Grassmannian G(3,6). 

> 

QQ ' Together with Mukai's theorem this means that any smooth Fano fourfold of 

CS| . genus 10 and index 2 has the above property. We also note that the variety G2 does 

y^ ' not admit a linear embedding into G(3,6) (cf. Corollarv l3.11l) . As a consequence, 

we get explicit models for moduli spaces of vector bundles on linear sections of F. 
10 ' In particular, we construct moduli spaces of vector bundles on generic K3 surfaces 

^^ , and Fano 3-folds of genus 10. More precisely, let {S, L) be a general K3 surface and 

let (X, L) be a general prime Fano 3-fold of genus 10. By Mukai's linear section 
theorem [Tl] the surface S and the 3-fold X are complete codimension 3 (resp. 2) 
linear section of G2. For a linear section Y of G2, we let Ily C (P^'^)* be the linear 
k> , space orthogonal to the linear span of F. A point in liy is therefore represented 

\^ ' by a hyperplane section F of G2 that contains Y . Now a generic point [F] on By 

corresponds to a linear embedding of Y into G(3, 6) coming from the embedding of 
F. When F is a general complete linear section of dimension at least 1, we show 
that the pullbacks of the two universal bundles on G(3,6) by this embedding are 
stable vector bundles. 

Let Afs(3,i,3) denote the moduli space of stable sheaves £' on S* with Mukai 
vector 

{TkE,ci{E),]^ci{Ef ~ C2{E) +TkE) = {y\E,c^{E),x{E)-AE) = (3,L,3). 

We show 
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Theorem 1.2. The space Ais{3, L,S) is a double cover of the plane Us branched 
over the intersection of Tig with the sextic dual variety G2 ■ In particular, Ms{3, L, 3) 
is a K3 surface with a genus 2 polarization. 

Thus S and Ms(3,L,3) is an expUcit geometric example of a Mukai dual pair 
of K'i surfaces (cf. [IS])- Furthermore, let Mx(3,L, cr, 2) be the moduli space of 
stable rank 3 vector bundles E on X with Chern classes ci{E) = L, C2{E) — a 
where a is the class of a curve of degree 9 and genus 2 on X and deg{cj,{E)) = 2. 

Theorem 1.3. The moduli space Afx(3, i, cr, 2) has an irreducible component Mx 
that is a double cover of the line Ilx branched over the intersection ofHx with the 
sextic dual variety G2. In particular, Mx is a genus 2 curve. 

In the proof of Theorem 11.11 we study the Hilbert scheme of conic sections and 
cubic surface scrolls in F and G2 • In particular we observe that if the line through 
two points on G2 is not contained in G2, then there is a unique conic section in 
G2 through the two points. Combining this with J. Sawons and D. Markushevichs 
results on Lagrangian fibrations on the Hilbert scheme of points on a K3 surface, 
see [22] and [TU], we prove 

Corollary 1.4. The Hilbert scheme H[X) of conic sections on a generic Fano 
3-fold X of genus 10 is isomorphic to the Jacobian of the genus 2 curve Mx- 

A similar example is worked out in [B|. 

In section 2 we formulate the main theorem and show an explicit embedding of 
F into G(3, 6). In section 3 we prove the uniqueness of the embedding by analyzing 
conic sections on F which appear to be the zero loci of the generic sections of the 
considered bundles. The key is to prove the following result on the Hilbert scheme 
of conic sections and of cubic surface scrolls on F. 

Proposition 1.5. The Hilbert scheme of conic sections on F is isomorphic to the 
graph of the Cremona transformation on P'^ defined by the linear system of quadrics 
in the ideal of a Veronese surface. 

The Hilbert scheme of cubic surface scrolls on F is isomorphic to the union of 
two disjoint projective planes. 

We extend this analysis to get the following result suggested to us by Frederic 
Han. 

Proposition 1.6. The Hilbert scheme of lines on F is isomorphic to a smooth 
divisor of bidegree (1, 1) in P^ x P^. 

In section 3 we prove stability of the constructed bundles and injectivity of the 
map to the moduli space. In section 4 we find a geometric way to describe all 
linear sections of G(3,6) which are isomorphic to F. More precisely F is obtained 
as a component of the intersection of G(3, 6) with a maximal dimensional linear 
space in a quadric of rank 12 containing G(3,6). The second component being a 
P^ X P^ X P^. An analogous construction is valid for the variety G2 in G(2, 7), but 
there the second component is P^ x P^. In the last section we deduce the results 
concerning moduli spaces of bundles on sections of F. 

2. The embedding 

This section is devoted to proving the existence part of Theorem 11.11 and ana- 
lyzing the constructed example. First we need a result on the orbits of the adjoint 
action of the simple Lie group G2- 
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Lemma 2.1. The projectivized adjoint representation of G2 admits a pencil of 
invariant sextic hypersurfaces V ~ {D^j^gpi. Let B be the base locus of this 
pencil. 

(1) There is a distinguished element Di E I) which is the discriminant variety 
of the adjoint variety 

(2) For each sextic D^ G T> different from Di the set D^^ \ B is an orbit of the 
representation. 



given by matrices 



Proof. By [5TJ Ex.30], the Lie algebra 52 is a subalgebra of !jl(7, 
of the following form: 



A = 



It is a simple Lie algebra of rank 2 and dimension 14. Let us denote by t its Cartan 
subalgebra spanned by g, k. Let 
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be the characteristic polynomial of the adjoint operator (in our case it is the re- 
striction of the adjoint operator on 5l(7, C) to the subalgebra 32, which is given by a 
14 X 14 matrix with linear entries). By 23, thm 8.25] the polynomial A(x) := ^2(3^) 
is a polynomial of degree 12 which can be decomposed into A(a;) = Ai{x).As{x) 
in such a way that A; is the discriminant of the adjoint variety (the projectiviza- 
tion of the orbit of the highest weight vector) and A^ is the discriminant of the 
variety V{Os), where Os is the orbit of any short root vector. The polynomials As 
and A/ restricted to t are just the products of short and long roots respectively. 
It follows that they are irreducible of degrees equal to the numbers of long and 
short root vectors respectively, which is 6 in both cases. They define hypersurfaces 
Ds and /?;, respectively, that generate a pencil of invariant sextics, which proves 
the first sentence of the lemma together with (1). Moreover, the ring of invari- 
ants of G2 in the coordinate ring of the adjoint representation is <C[Q, A;], where 
Q = 48{ad + be + cf) + 16{g'^ + k'^ + {g + k)'^+jh + im + nl)) is the quadric defined 
by the Killing form. It follows that we have a C^ of closed orbits. Using in addition 
the fact that all orbits of the representation which are not contained in the discrim- 
inant are closed, this proves that the codimension 1 orbits fill the complement of 
the discriminant. D 



Remark 2.2. The sextic Di is identified with the dual variety of G2 via the Killing 
form and by [5 it's singular locus is of codimension two. 

Proof of existence in Theorem \l.ll Consider first the whole variety G2 ■ It is a lin- 
ear section of the Grassmannian G{5, V) in it's Pliicker embedding parameteriz- 
ing 5-spaces in a 7-diniensional vector space V isotropic with respect to a non- 
degenerate four-form lo. The span of G2 is the projectivization of the adjoint 
representation of the simple Lie group G2. From lemma I^TT] this projectivized rep- 
resentation has a one-dimensional family of codimension 1 orbits. 
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In the above coordinates {a, . . . ,n) for the Lie-algebra 
G2 is defined by the 4x4 Pfaffians of the matrix 

/ 
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Consider now a pencil of hyperplane sections given by the hyperplanes g = — A(.g + 
k). Observe that this pencil corresponds by the Killing form to the projectivization 
of the Cartan subalgebra t from the proof of Lemma 12.11 The latter meets Di in 
the set of long roots while Dg in the set of short roots. As these are disjoint, the 
corresponding line do not meet B ^ DiD Ds- It follows now from Lemma [TT] that 
this pencil has a representative in each orbit of codimension 1 which is not the one 
contained in the discriminant Di. 

For the above pencil of hyperplane sections we explicitly construct a family of 
embeddings as linear sections of the Grassmannian G{3,6). To do this it is enough 
to observe that for each A ^ 0,-1 the ideal generating the section of G2 is also 
generated by the Grassmann quadrics corresponding to the following data. 




where t = g + k = -^. 



-(1 + A)/ -e b 
-A(l + A)f An d I ,(1 + A)a, 
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Remark 2.3. We can also find a different family of embeddings of sections of G2 
given by the hyperplanes j = e + Aa for A 7^ 0. The embeddings are then described 
by the data 

Xb- d e + Xa b + XI 
/, ( e + Aa g a + Xi 
b a I 
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For A = the above map is no more an embedding but a projection from the 
only singular point (0, . . . , 1, . . . , 0), where i — I, which is a node. The image of 
this map is then a proper codimension 2 section of LG{3, 6) C G{3, 6) (for more 
details see [3]). 

The proof of uniqueness is more delicate and will be postponed to section [31 
after we have given some results on the geometry of G2 and its smooth hyperplane 
sections. We start with the above pencil of examples. 



2.1. The example. Let us choose a coordinate system ei, . . . , ee on a 6-dimensional 
vector space U and denote by e^jfe, with l<i<j<k<6, the corresponding 
Pliicker coordinates on P{A^U) . Let Xijk denote the respective dual linear forms. 
The considered family of hyperplane sections of G2 is then described as a family of 
sections of G(3, U) by the linear spaces H12 C P(/\ U) given by equations: 
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a;456 - (1 + A)a:;i25 = 

2^134 + 2^356 = 

a;i26 - Aa::234 = 

2^123 + 2^346 = 

a;i24 - Aa;256 = 

2^156 - (1 + A)a:;345 = 

xue + A(l + A)a:;235 = 



Consider U^ C ¥{/\ U*) the orthogonal P^ to the space H^2 for A ^ 0,-1. 
Consider moreover the set of reducible 3-forms 

2 3 

n^{a:a = (3Av,(3e {/\{U)r,v G U*} C {f\(U)r . 

We can explicitly compute that for each A =^ 0,-1 the intersection Ilg n 51 is a 
scroll over a Veronese surface in two ways. Indeed, V, \ G{3, U*) has two canonical 
projections onto 5-dimensional projective spaces P(C/) and P([/*). Then we check 
that Ilg do not meet G(3,C/*). Now, to see the scroll structure on the first pro- 
jection, we need only to solve the system of equations v Al — Q with parameters 
u,A and indeterminate Z S Ilg. It follows by computations in Macaulay 2 [9], for 
details see |4j, that for each A ^ 0, — 1 there is a Veronese surface of v's such that 
this system of equations has a nontrivial solution and the set of solution is then a 
line. Analogously we consider the second projection. The following follows: 

Lemma 2.4. Let Y be a variety isomorphic to G{2, 5) linearly embedded in G{S, U), 
then the linear span of Y intersects each linear space H^2 *^ "^ plane or a 4- 
dimensional projective space. 

Proof. Observe that Y is equal to one of the following 

• the Grassmannian G(3, W) for some 5-dimensional vector subspace W C U, 

• the partial Flag variety F{w, 3, U) of 3-dimensional subspaces of U that 
contains a given vector w € U. 

In both cases < Y >-^C fl is the closure of a fiber of one of the two projections of 
fi \ G(3, U*). But we checked above that the intersection of Ilg = (i?j^2)^ i^ either 
empty or it is a line. The assertion follows by duality. D 

Corollary 2.5. The set of W (resp. w) for which the intersection < G(3, W) > 
nHi2 (resp. F{w,3,U) D H12 ) is of dimension A is a Veronese surface in P(C/*) 
(resp. P(C/);. 

Proof. The proof follows directly from the proof of the lemma and the discussion 
above it. D 

3. Conic sections and cubic surface scrolls on G2 

In this section wc study the Hilbcrt scheme of conic sections and cubic surface 
scrolls on G2. Let y be a 7-dimensional vector space, let w € A^F be a 4- form 
defining G2 C P(A^y), and let w* be the corresponding dual 3-form. Then, as in 
[H fig.l] and [HI Ex. 30], we may choose coordinates V* =< xq, ...,a;6 > such that 
w* G tv'V* is defined as 

u]* = xq f\ xi A X2 -\- x^ f\ Xa /\ x^ + {xq a Xz + Xi a Xh -\- X2 a Xs) a Xq. 
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The variety G2 C G(2, V) is defined by the Pfaffians of the skew symmetric matrix 



(xy) < i, j < 6,Xij 



^]i 



— 0, restricted to the 2- vectors that are killed by w* 
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with a;o3 + 2:14 + 2:25 = 


as in 


the previous section. 






Lemma 3.1. There are no planes on 


G2. 











Proof. We compute directly in any chosen point p G G2 that the intersection of G2 
with the tangent space to G2 in p is a cone over a twisted cubic curve, hence do 
not contain a plane. Indeed, let p = (0, . . . , 0, 1, 0, . . . , 0) where X05 = 1. Then the 
tangent space at p is given by 2:13 — xu ~ xig = 2:23 = 2:24 = a;26 = 2:36 = 2:46 = 
and its intersection with G2 is additionally given by the Pfaffians of 

/ 
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0. Therefore the tangent cone is a cone over a twisted cubic 



curve. We conclude by homogeneity. 



D 



Lemma 3.2. Let Q G V{V*) be the G2 invariant smooth quadric hypersurface, and 
let U C V , be a 6-dimensional subspace. Then the intersection G2 H G(2, U) is a 
fourfold of degree 6 that spans a P . Furthermore 

• If \U] ^ Q, then G2 n G(2, U) is a smooth hyperplane section ofF^ x P-^. 

• // [U] G Q, then G2 n G{2,U) is a hyperplane section of P(Op2(2) ® 

TM-m- 

Proof. The group G2 has two orbits on F{V*), so for the intersection G2 n G(2, U) 
there are two isomorphism classes. We compute these directly, li U C V is the 
6-dimensional subspace xg — 0, then [U] ^ Q and the intersection G2 n G(2, U) is 
defined by {a G G(2, U) : {xq A xi A X2 + X3 A X4 A X5)(a) = (xq A X3 + xi A X4 + 
2^2 A X5)(a) — so it is defined by the 2x2 minors of 



2^03 


Xo4 


2:05 


2;i3 


Xi4 


2:15 


2^23 


2^24 


2^25 



with xo3 +X14 +X25 — 0, i.e. a smooth fourfold Fano hyperplane section of P^ x P^. 
On the other hand ii U C V is the 6-dimensional subspace xg = 0, then [U] G Q 
and the intersection G2 n G(2, U) is defined by {a G G(2, U) : (X3 A X4 A X5 + (xi A 
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2^4 + ^2 Axs) A X6)(a) = {x\ A a;2 + xs A X(,)(ol) = 0, so it is defined by the PfafBans 
of 
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i.e. by the 2x2 minors of the symmetric matrix 




and the three quadratic entries in the product matrix 



(a;i3 X23 X12) 



a;25 a;26 
-a;i6 a;36 



together with the linear relation X12 + xag == 0. But these quadrics define the linear 
embedding of the P^-bundle P(Op2(2) ®Tp2(-l)), so the lemma follows. 

D 

Lemma 3.3. Let W <ZV, he a ^-dimensional subspace. One of the following holds 

• the intersection G2 H G(2, W) in G(2, V) is proper. It is a possibly singular 
conic section. 

• the intersection G2 H G(2, W) in G{2, V) is not proper. It is a possibly 
singular cubic .surface scroll. 

There is a 7-fold subvariety in G(5, V) of b-dimensional subspaces W (Z V such 
that the intersection G2 H G(2, W) is a cubic scroll. 

Proof. Let VF C F, be a 5-dimensional subspace, and let [/ be a general 6- 
dimensional subspace of V that contains W . We first assume that the intersection 
G2 nG(2, U) is isomorphic to a hyperplane section of P^ x P^. From the above proof, 
the variety P^ : 



: P^ C G(2, U) may be identified with 2-dimensional subspaces that 
has a 1-dimensional intersection with each of 3-dimensional subspaces Ui and U2 
that together span U . The further intersection with G(2, W) therefore depends on 
whether W contains Ui or U2. If neither is the case, the intersection G2 n G(2, W) 
is a linear section of the set of 2-dimensional subspaces that intersect Uir\W and 
C/2 n VF so it is a conic section. Similarly, if VF D C/i , then G2 n G(2, W) is a smooth 
cubic surface scroll. 

If G2 n G(2, U) is a hyperplane section of P(Op2(2) Tp2(-1))), then we may 
use the above equations to identify G2 fl G(2, W). In fact if U is defined by xq — 0, 
then G2 n G(2, U) spans a P^ on which we may choose coordinates 

a;i2, xia, X23, X15, xie, X24, ^25, a;26, 

as above, in which the equations defining the threefold Xu = G2 fl G(2, U) are the 
2 X 2-minors of the symmetric matrix 
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and the quadrics 



(a;i3 X23 a;i2) 



a;24 


a;25 


a;26 


a;25 


-Xi5 


-a;i6 


a;26 


-xie 


-a;i2 



So X[/ is a threefold contained in the fourfold cone over a Veronese surface with 
vertex a line Lij. Since the Veronese surface contains no lines, the only lines in 
Xjj are lines that intersect Lu and lie over a unique point on the Veronese surface. 
On the other hand, for each point on the Veronese surface the symmetric matrix 
has rank 1, so the three remaining quadrics restricted to the corresponding plane 
in the cone have a common linear factor, so they define a line, except in one plane: 
In the plane Pu : X15 = xig = a;24 = X25 — X2e — the intersection with Xjj 
is the double line defined by x^2 — 0. Let W C U he a. 5-dimensional subspace. 
The intersection G2 fl G(2, W) is a complete linear section of both G(2, W) and of 
Xjj. Any complete linear surface section of Xu is either a Veronese surface, a cone 
over a linear section a Veronese surface, or it contains the vertex line Ljj. Any 
complete surface linear section of G(2, 5) that contains a Veronese surface, contains 
also a plane. A surface cone over a linear section of the Veronese surface is either a 
quadric or a quartic surface, but neither are contained in linear sections of G(2, 5) 
that do not also contain a plane, so only linear sections of Xu that contain Lu 
can be linear sections of G(2, 5). These are easily seen to correspond to subspaces 
W defined by xq = ^ = 0, where i S< X4,X5,xe >, and for each such £ the 
corresponding intersection G(2; W) fl G2 is a cubic scroll. When the intersection 
G(2; W) n G2 is proper in G(2, V) it is clearly a conic as above. 

Setting up an incidence variety we find, 

/ == {{W, U) : dimG(2, T^) n G2 > 1} C i^ = {{W, U):W dU} 

We have seen that the fiber over each U is 2-dimensional, so dim/ = 6 + 2 = 8. 
The fiber over each W is clearly 1-dimensional, so there is a 7-dimensional variety 
of 5-dimensional subspace W C V such that G(2, W) fl G2 is a cubic surface scroll. 

D 

Corollary 3.4. Let Z be a scheme of length 2 in G2 contained in a line £. Then 
one of the following holds: 

(1) The line i is contained in G2 

(2) There is a unique conic section in G2 that contains Z . 

Proof. Assume that i does not lie in G2. Then any conic section in G2 through Z 
spans a plane contained in the linear span of any G(2, 5) in G(2, 7) that contains 
the Z. But any G(2, 5) intersects G2 in either a conic section or a cubic scroll. In 
either case there is a unique conic section in the intersections that contains Z. D 

Remark 3.5. Jarek Buczynski, private communication, showed that this property 
is common to the closed orbit of the adjoint representation of any semisimple Lie 
group. 

Corollary 3.6. // three points p,q,r G G2 do not lie on a conic section, there is 
at most one 5-dimensional subspace W <ZV such thatp,q,r G G{2,W). 

Proof If W and W are distinct 5-dimensional subspace then G(2, W)r\G{2, W) n 
G2 is either a line or a conic section. D 

Corollary 3.7. Let F be a smooth hyperplane section of G2 and W C V a 5- 
dimensional subspace. Then F n G(2, W) is a conic section if and only if F H 
G(2, VF) = G2 n G(2, W) and G2 n G(2, W) is a conic section. F n G(2, W) is a 
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cubic scroll if and only if F D G(2, T^) == G2 n G(2, W) and G2 n G(2, W) is a cubic 
scroll. 

Proof. Since F defines a hyperplane section, it either contains G2 n G(2, W) or it 
intersects it in a hyperplane section. But G2 n G(2, W) is either a conic section or 
a cubic scroll, so the corollary follows. D 

Corollary 3.8. Let L C P^'^ be a linear subspace of codimension 2 or 3, such that 
Y ~ G2C\L is a smooth 3-fold (resp. surface) with Picard group generated by H. If 
F and F' are distinct hyperplane sections of G2 that contain Y , and Sw o,nd Sw' 
are cubic scrolls on F and F' respectively, then Sw H Y and Sw' H Y are either 
empty or distinct subschemes on Y . 

Proposition 3.9. Let F be any smooth hyperplane section 0/G2. Let U be a 6- 
dimensional vector space and let u and W be a nontrivial vector and a b- dimensional 
subspace of U respectively . Let (j) : F ^ G(3, U) be a linear embedding. Then the 
intersections 4>{F) nG(3, VF), 4>{F) Ci F{u,3,U) are linearly isomorphic to one of 
the following: 

(1) a conic section 

(2) a cubic surface scroll in P 

Moreover every conic section in 4>{F) lies in the intersection of a unique F{u, 3, U) 
and a unique G(3,VF), while every cubic scroll in (t>{F) lies in a unique F(u,3,U) 
or a unique G(3, W). 

Proof. Observe first that G(3, W) and the partial Flag variety F{u, 3, U) are 6- 
dimensional Schubert cycles on G(3, U) that intersect the 4-dimensional subvariety 
(j>{F) in dimension at least one. Furthermore, both G(3, W) and F{u, 3, U) are 
isomorphic to the Grassmannian G(2, 5), so the considered intersections are linearly 
isomorphic to some linear sections of the Grassmannian G(2, 5) C P^. Therefore, 
let us consider a linear subspace L C P^ =< G(2, 5) >, and see when L D G(2, 5) is 
spanned by a variety that is linearly isomorphic to a subvariety of F and hence of 
G2. We have the following possibilities: 

9 T = L n G(2, 5) is a variety of codimension 3 in L. Then this intersection 
is proper, hence deg(r) = 5 and a generic linear section of appropriate 
codimension is a set of five isolated points spanning a P"^ . Such five points 
in F C G(2,7) lie in a unique G(2,5) C G(2,7), so by Lemma E31 the 
intersection G(2, 5) (1 G2 must be a cubic scroll. Therefore F n G(2, 5) has 
codimension 2 in its linear span, against the assumption. 

• T = L n G(2, 5) is a variety of codimension 2 in L. Then the generic 
intersection with a plane in L is a set of isolated points. By [ISj prop 2.5] 
the number of these points cannot be greater than 3. It follows that T 
has degree 3. To be contained in G2 it cannot contain planes nor quadric 
surfaces, hence it has to be a smooth or singular cubic surface scroll. 

9 T = L n G(2, 5) is a variety of codimension 1 in L. Then as above T has 
to be of degree 2 and hence to be contained in G2 it needs to be a conic 
section. 

• L C G(2,5). Then to be contained in G2 it has to be a line. But by 
adjunction a line cannot be the intersection of G(2,5) with (t>{F). Indeed, 
if G is a smooth curve of intersection of G(2, 5) with (f){F) then G is linearly 
isomorphic to the zero locus of a rank 3 bundle on F with determinant H. 
By adjunction Kq ~ {H + Kf)\c = ^H\c which implies G is a conic 
section. 

Hence the first part of the Proposition follows. To prove the second part we consider 
each case separately. Each conic section in G(3, 6) is contained in a unique partial 
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Flag variety F{A, 3, B) where A and B are fixed vector spaces of dimension 1 and 
5 respectively. So the conic section lies in both G{3,B) and in F{A,3,U). For a 
cubic surface scroll S we need the following: 

Lemma 3.10. For any cubic surface scroll S C G(3, C/) such that S =< S > 
nG(3; U) there is a subspace A of dimension 1 or a subspace B of dimension 5, 
such that S C F{A, 3, U) or S C G(3, B). 

Proof. The union of planes in P(C/) parameterized by 5' C G(3, U) form a variety 
Xs C P{U). The lines in S defines pencil of planes in P([/) that each have a common 
line and fill a P'^ in Xs- The common lines form a scroll Is C Xs- The degree of 
S in the Pliicker embedding equals the sum of degrees of Xs and I5 . In fact the 
degree of S is, by Schubert calculus, the sum of the degree of the intersection of S 
with the cycle of planes that meet a general line, and the general cycle of planes 
that meet a general P'^ in a line. The former is clearly the degree of Xs, while 
the latter is the degree of Is , since a general P'^ meet a plane in 5" in a line if and 
only if it meets the common line of the pencil that the planes belongs to in a point. 
If Xs is not a fourfold, all its P'^s coincide and < S >C G(3,6), contrary to the 
assumption. If Xs is a fourfold of degree 1 it spans a hyperplane P(iy) C P{U), and 
S C G(3, W)- If Xs is a fourfold of degree 2, then Ys has degree 1, which means 
that Ys is a plane and the lines in Ys have a common point u- So in this case 
S C F{u, 3, U)- If Xs is a fourfold of degree 3, then Ys is a line, a common line for 
all the planes in S, in which case < S >C G(3, 6), contrary to the assumption. D 

The intersection G(3, B)r\F{A, 3, U) = F{A, 3, B) so the intersection with (t){F) 
cannot contain S, so any cubic surface scroll 5" C 4>{F) is contained in precisely one 
of them. D 

Corollary 3.11. The variety G2 does not admit a linear embedding into the Grass- 
mannian G(3, 6). 

Proof- Let C/ be a 6-dimensional vector space. An embedding G2 C G(3, U) induces 
an embedding of any hyperplane section F of G2- By Proposition 13.91 the intersec- 
tion FnG(3, B) is a conic section for a general 5-dimensional subspace B CU- But 
then G2 n G(3, B) must be a quadric surface, against the fact that there is either a 
line or a unique conic section through two points on G2 (cf. Corollarv l3.4p . D 

Remark 3.12. On any cubic surface scroll S, the Hilbert scheme H^ of conic 
sections is a P^. In a cubic cone, the conic sections are all singular while the double 
lines form themselves a conic section Gs in H^ . Any pencil of singular conies on E 
with a fixed line form a tangent line to Gs. On a smooth cubic scroll the general 
conic section is smooth, while the singular ones form a line in H^- 

The Proposition 1 1 . 51 is an immediate corollary of the following 

Proposition 3.13. The Hilbert scheme Hp of conic sections lying on a smooth 
hyperplane section F of G2 is isomorphic to the graph in Pf x Pj of the Cremona 
transformation 7 : P^ • • • > P^ defined by the linear system of quadrics that contain 
a Veronese surface Vi C PJ. The inverse Cremona transformation is defined by the 
quadrics that contain a Veronese surface V2 C P2. 

The Hilbert scheme Vp of cubic surface scrolls in F has two components each 
of which is isomorphic to P^. Each component has a natural embedding as the 
Veronese surface, Vi C Pf,i = 1,2, and the Hilbert scheme of conies Hp restricts 
to a V'^ -bundle over these two Veronese surfaces- 
Proof- Let [/ be a 6-dimensional vector space and let F — > G(3, U) be a linear 
embedding as in example 12. II By Proposition [33] each conic G in F is the intersec- 
tion F{uc, 3, U) n G(3, Vc) n F for a unique one dimensional subspace < uc >€ U 
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and a unique codimension one subspace Vc C U. Therefore the Hilbert scheme 
Hp has a natural embedding in P{U) x P([/*) taking a conic C to the unique pair 
([uc], [Vc])- Furthermore, by Lemma [2.41 and Corollary 12. 51 . for u G U, the inter- 
section F{u, 3,U) n F either a conic section or a cubic surface scroll and similarly 
for G(3, V) n F when y C C/ is a codimension one subspace. The Hilbert scheme 
Vp of cubic surfaces in F is isomorphic to two Veronese surfaces Vi C P(f/) and 
P(C/*) via the maps [u] ^ P(C/) and [V] t-^ V{U*) respectively. 

We can then define a rational map 7 : P(C/) 3 [u] n- [V] G P(C/*) such that 
F{u, 3, U) n G{3, V) n F G Hp. By the above, the map is birational and defined 
outside the Veronese surface Vi, so it is a Cremona transformation. The fiber in 
Hp over [u] G Vi is the Hilbert scheme H^ of conic sections on the cubic scroll 
E = F{u,3,U) n F. This fiber is therefore isomorphic to P^, which is also the 
fiber of the projectivized normal bundle of Vi in P{U) . Each conic in iJs is 
mapped to a unique [V] e V{U*) by the second projection, so Hp C P(C/) x P(t/*) 
is the graph of the Cremona transformation 7. It remains to show that 7 is the 
Cremona transformation defined by the linear system of quadrics that contain Vi . 
By symmetry, the inverse is mapped by the linear system of quadrics that contain 
V2- Observe first that the projections pi : Hp -^ V{U) and p2',Hp — >► P(C/*) map 
the plane of conies H^, lying on a cubic surface scroll to a point by one projection 
and to a plane by the other. Indeed, let E C F{u, 3, U) be a cubic surface scroll for 
some one dimensional subspace < u >C U. Consider the 5-dimensional quotient 
W = U/ < u > and the cubic scroll S as a subvariety of the Grassmannian G(2, W). 
The lines in P(VF) corresponding to points in E all meet a line is and are contained 
in a nodal quadric hypersurface. Now any 0(2,4) C G{2,W) intersects the scroll 
in conic section if and only if it is defined by a 4-space that contains Ls . Therefore 
this family of Grassmannians G(2,4) is defined by a linear family of codimension 
one subspaces in W, which means that the corresponding family of codimension 
one subspaces F C C/ is a plane in P(C/*) These planes are the image by the second 
projection of the fibers i/^ = P^ in Hp over the Veronese surface Vi. Any two 
of these planes intersect only on the Veronese surface. In particular the union of 
these planes form a hypersurface. The Cremona transformation 7^^ must contract 
the planes, while the Veronese surface is the base locus, so it must be given by the 
quadrics defining the Veronese surface. D 



We now pass to the proof of uniqueness. 



Proof of uniqueness in Theorem \l.l\ . Let ip : F ^ G(3, U) be any linear embed- 
ding. By Proposition 13.91 this embedding gives rise to two projections from the 
Hilbert scheme of conic sections on F onto P^. Again by Proposition l3.9l and Propo- 
sition [2331 these projections must coincide with the projections in the constructed 
examples. Let Q be the universal quotient bundle and E the universal bundle on 
G{3, U). It follows that there is a linear isomorphism tt between H'^{F, ip*{Q)) and 
one of the spaces H^{F, (j>* (Q)) or H°{F, (/)* (E*)) such that the sections s and 7r(s) 
have the same zero locus. Therefore tp is the embedding defined by one of the 
bundles (l)*{Q), (f>*{E*). We conclude that there exists a linear automorphism of 
G(3, 6) mapping (/.(F) to ^P{F). D 

We end the section by applying our analysis of conies and cubic scrolls on F 
to the Hilbert scheme of lines on F. The Proposition 11.61 was suggested to us by 
Frederic Han. 

Proof of Provosition \1.6\ We keep the notation from the proof of Proposition 13 . 1 3l 
We shall use the word cubic scroll for both a smooth cubic scroll and a cone over 
a cubic curve. In the latter case every lines in the scroll is both exceptional and a 
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ruling. Let I C F C G(3, 6) be a line. There exist spaces Ui and Vi of dimension 2 
and 4 such that / = F{Ui, 3, Vi). Consider the set Hi C Hp of conies contained in F 
and containing I. This set is mapped by both pi : Hp — > ¥{U) and p2 : Hp -^ F{U*) 
surjcctively onto the lines li C F{U) and I2 C P{U*) defined by {< u >C Ui} and 
{V D Vi}. Observe that Hi has at most two components each one isomorphic to P^. 
Indeed, each component of Hi is either contracted or maps surjcctively onto h or ^2- 
But both pi and p2 are one to one over the complements of the Veronese surfaces. It 
follows that Hi has either two components each contracted by one of the projections 
Pi and p2 or Hi has one component which is not contracted in any direction. Notice, 
that in the first case, /i and I2 are contracted by the Cremona transformation 7 
and 7^^ respectively. Therefore h and I2 must intersect Vi, respectively V2, in a 
scheme of length two. In the latter case the line li is mapped to the line I2 by the 
Cremona transformation 7 : P{U) ■ ■ ■ > P(C/*), so li and I2, intersect Vi and V2, 
respectively, transversely in one point. 

Let I U I' C F he a conic section. Let v € Hi he its parameter point. Assume 
that Hi has a component through v that is contracted by the projection pi . Then 
I U I' lies in a cubic scroll S^^, where vi — pi{v) G Vi, and I must be contained in 
a pencil of conic sections on this scroll. In particular I must be an exceptional line 
on the scroll. If Hi does not have a component through v that is contracted by the 
projection pi and vi — pi{v) G Vi, then / U /' belongs to a pencil of conies on the 
scroll E„j with I' as a fixed component, i.e. /' is exceptional on the scroll. 

When Hi has two components, one component is contracted to a point vi{l) G Vi. 
In this case vi{l) G liDVi, and since li D V\ has length two, there is a unique point 
W\{V) residual to v\{V) in l\ C\'V\. Similarly there is a unique point W2{i) residual 
to «2(0 ill ^2 n V2. When Hi has a unique component, we set Wi(\) = Z^ n Fi for 
i = 1, 2. For each i there is a unique singular conic section / U l{i) G Hi which is 
mapped to Wi(V) by the projection p^. Clearly l(i) is a line in the cubic scroll S^vn, 
and / U 1(1) belongs to a pencil of conies with l(i) as a fixed component. 

Summing up, we may define a morphism from the Hilbert scheme Hilbi{F) of 
lines to P^ x P^ : 

p : Hilbi{F) ^ T/i X ^2 

by 

l^{wi{l),W2{l)). 

The scroll S^^j;) contains I as a ruling, and every line V in this ruling has wi{l') = 
Wi (I). Indeed, this P^ of lines is a fiber of p composed with the projection to the first 
factor. Clearly, this fiber is mapped to a line in the second factor: Indeed, the pencil 
of conic sections in '^wi(i) with fixed component /(I) form a line in V2. Likewise 
the fiber of the composition of p with the second factor is mapped isomorphically 
to a line in the first factor. 

In this construction clearly p is an embedding, and all fibers of the projections 
to the two factors are mapped to isomorphically to lines in the other factor, so 
Hilbi{F) is smooth and the proposition follows. D 

Remark 3.14. Observe that the intersection of two scrolls from the same family 
may contain a line that is exceptional on one of the scrolls, and that the intersection 
of two scrolls from different families can be a smooth conic. 

Remark 3.15. Observe that in the case where Hi has two components if wi{l) = 
vi{l) the scroll ^wi(i) has to be a cone. And analogously for W2{1) = W2(0- More- 
over, when both wi{l) = vi{l) and W2(l) = V2{1) the conic corresponding to the 
intersection of the two components is a double line. Note that wi(/) — vi{l) does 
not imply W2{1) = ^2(0 ^^id vice versa. 
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4. The bundles 

Recall that {S, L) is a generic Ki surface of genus 10 which is a general linear 
section of G2 ■ Consider a smooth hyperplane sections F of 6*2 , containing S. By 
Theorem II. II f correspond to a pair {£,£') of bundles of rank 3 each, the pullbacks 
of the universal quotient bundle and the dual to the universal subbundle on G(3, 6). 
We shall prove that all such bundles are stable and different. Let us first prove 
stability. 

Proposition 4.1. The bundles E and E' are L-stahle. 

Proof. Consider a generic curve C in |L|. It is enough to prove that the bundles 
are stable on C . Observe first that by construction E is a. rank 3 bundle on C such 
that ci{E) = Kc, h^{E) = 6. We have two possibilities to destabilize E. Either 
there is a subbundle of E of rank 1 and degree > 6 or a rank 2 subbundle of degree 
> 12. We consider the two cases separately. 

Assume first that there is a line bundle M on X of degree d > 6 which is a 
subbundle of E. We get the exact sequence: 

— > M — > E — > N — ^0, 

with ci(iV) = Kc®M*. It follows that h°{M) + h°{N) > h°{E) = 6. On the other 
hand by the Riemann-Roch formula we have h^{M) — h°(Kc <8) M*) — d-9 > —3. 
We claim that hP{M) > 1. Indeed, if M had no sections then the map H^{E) — > 
H^{N) would be an embedding. Hence the bundle N would be globally generated 
by 6 sections. We could then consider a nonvanishing section of iV. Its wedge 
products with the remaining generators would give 5 linearly independent sections 
of ci{N). The latter contradicts the Riemann-Roch formula. Hence hP{M) > 1 
and each of its sections defines a hyperplane in P(iJ*'(_E)) which contains d fibers 
of the natural image of P(£') in ¥{H^{E)). It follows that C intersects a G(3, W) 
(for some hyperplane W <Z V) m. d > Q points. By Proposition 13.91 this implies 
that C is either a conic section or is contained in a cubic scroll. This contradicts 
genericity. 

Assume now that there is a rank 2 bundle A^ on X of degree d > 12 which is a 
subbundle of E. We get the exact sequence: 

— > N — > E — > M — ^ 0. 

Then M — Kc ® ci{N)* has at most one section by assumption on C. Hence, 
h^{N) > 5. But we have proved above that E does not admit any line subbundle 
with 2 sections (as by assumption on C it would have degree > 6), hence neither 
does A^. It follows that the projectivization of the kernel of the map /\ H'~'{N) -> 
H°{/\'^ N) = H°{ci{N)) does not meet the Grassmannian G{2,H^{N)). Finally 
h^{ci{N)) > 7 which contradicts the Riemann Roch for M. D 

Let us now prove that all these bundles are different. 

Proposition 4.2. Consider two smooth hyperplane sections Fi and F2 of G2 con- 
taining S. Denote by fi,f{,f2 , and £'2 their corresponding bundles. Then no two 
of these bundles are isomorphic. 

Before we pass to the proof of the proposition let us prove the following lemmas. 

Lemma 4.3. For every cubic scroll S contained in G(2, V) such that S =< S > 
nG(2, V), there is a 5-dimensional subspace W G V such that S C G(2, W). 

Proof. The union of lines in P{V) parameterized by S* C G(2, V) form a variety 
Xs C P(F). The lines in 5* define pencils of lines in P(V^) that each have a common 
point and fill a P^ in Xs. The common points form a curve Ys C A5. The degree 
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of S in the Pliicker embedding equals the sum of degrees of Xs and ¥3. In fact the 
degree of S is, by Schubert calculus, the sum of the degree of the intersection of S 
with the cycle of lines that meet a general P'^ , and the general cycle of lines that is 
contained in a general P^. The former is clearly the degree of Xs, while the latter 
is the degree of Ys, since a general P^ contains a line in S if and only if it meets 
the common point of the pencil that the line belongs to in a point. If Xs is not a 
threefold, all its P^s coincide and < 5' >C G{2, V), contrary to the assumption. If 
Xs is a threefold of degree 1 it is a P^ C P(C/), and < S > nG(2, V) is a quadric 
hypersurface, contrary to the assumption. If Xs is a threefold of degree 2, then Xs 
is a quadric hypersurface in a hyperplane P{W) C P(C/) and S C G{2, W). 

If Xs is a threefold of degree 3, then Ys is a point, i.e. all the lines parameterized 
by S have a common point, so < S* >C G{2, V), contrary to the assumption. D 

Lemma 4.4. If s is a section of one of the bundles E\, 8^,82 , and £2 then its zero 
locus on S is the intersection of S with G{2, W) for some W of dimension 5. In 
particular it is either empty or is a 0-dimensional scheme of length 2 or 3 spanning 
a line or a plane respectively. Moreover in the case of length 3 the subspace W is 
uniquely determined. 

Proof. Observe that all considered bundles admit exactly six global sections. Hence, 
these global sections are restrictions of global sections of appropriate universal 
bundles on G{3, 6). It follows that the zero loci of these sections are intersection of 
the image of S by the embedding considered in Theorem 11.11 with some G(2,5) C 
G(3,6) (there are two types of such as in Proposition 13. 9p . By Proposition 13.91 
these are linear sections of conic sections or cubic scrolls by space of codimension 
2. As both a conic section and a cubic scroll are contained in G(2, W) for some W 
of dimension 5, and S do not contain neither a conic section nor a twisted cubic 
curve we get the assertion together with the classification of examples. For the last 
statement we use Corollary 13.61 D 



Proof of Proposition |^.ij[ Observe first that S does not contain any twisted cubic 
curve. It follows that Fi and F2 do not contain any common cubic scroll. We prove 
that £1 is different from the other bundles, the rest being analogous. Let D be a 
cubic scroll in Fi from the chosen family corresponding to £1 . Then D Ci S is the 
zero locus of a section of £1. By Lemma 23] it is a 0-dimensional scheme of length 3 
which is contained in G(2, W) for a unique W^ C V^ of dimension 5. We claim that it 
is not the zero locus of any section of the remaining bundles. This is a consequence 
of the fact that D is contained neither in F2 nor in the other family of scrolls on 
Fi and Corollarv l3.7l and proves that the bundles are not isomorphic. D 

5. Geometry and general construction 

In this section we shall give a geometric construction of i^ C G(3, 6). Let us start 
by analyzing possible constructions coming from geometry of the variety G2 . We 
shall describe the space spanned by G2 in terms of quadrics containing G(2, V"), for 
a 7-dimensional vector space V. By [TSl prop. 1.3.] the linear system of quadrics 
vanishing on G(2, V) is naturally isomorphic to P*{/\ V). The orbits on this space 
under the natural Sl{7) action are described in p . 

Lemma 5.1. There is a 7-dimensional vector space of quadrics in the ideal of the 
Grassmannian G{2,V) vanishing on the linear span of G2, and all of them have 
rank 12. Moreover every variety which is a linear section of G(2, V) with this 
property is isomorphic to G2. 

Proof. Let uj e A'^V be a 4-form defining G2 = {a £ G(2, W) : a A uj = 0} C 
P(A^F), and let uj* be the corresponding dual 3- form. The forms (3 ^ /\^V* define 
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quadric forms g^ that vanish on G(2, V) in the following sense (7^(ck) = /3{a A a). 
We easily check that the quadrics vanishing on the span of G2 correspond to the 
wedge product of lj* with linear forms. Dually, this wedge product corresponds to 
reductions of a; be the linear coordinates of V. 

To prove the second assertion, let us consider a 7-dimensional linear space L 
of quadrics of rank 12. We shall prove that there exists a form uj such that it's 
reductions modulo the coordinates generate L. Observe that the seven quadrics 
of rank 12 correspond to 4- forms xi A cui, . . . ,X'y A cur for some xi, . . . , X7 G V, 
wi, . . . , ojy G A ^- From the assumption we have that for any Ai, . . . , A7 G C there 
exist xs €V, ujs & A ^ such that: 

AiXi A cji + • • ■ + Xrxj A LUj = xs A cjg. 

Observe moreover that no two forms corresponding to quadrics in L have the same 
linear entry in the above description. Indeed, the line joining two forms vAuii wedge 
V Auj2 cuts the set corresponding to quadrics of smaller rank. Hence xi , . . . , X7 form 
a basis of V . We can then easily prove by induction that the above conditions imply 
that there exits a form w such that Xi A w; = Xi A a; for all i G {1, . . . , 7}. D 

It follows that G2 is contained in a linear subspace in each one of the above 
quadrics. Note that a rank 12-quadric in P^'^ has two families of maximal dimen- 
sional linear spaces of dimension 14. 

We may now formulate the following statement. 

Proposition 5.2. Let Q be a generic quadric of rank 12 containing the Grassman- 
nian G{2^V). Then there are two isomorphic families of \A- dimensional projective 
spaces contained in Q, say J- and Q , such that the following holds: 

• If R £ !F , then R n G(2, W) is linearly isomorphic to G2 U D, where D is 
the intersection of the singular locus of Q with G(3, W) and is isomorphic 
toP2 xP2. 

• If R €z G, then R D G(2, W) is linearly isomorphic to a Fano fivefold of 
degree 24 containing D. 

Proof. By [14L prop. 1.3.] the quadrics containing G(2,y) correspond to 3-forins 
on V . By [21 fig. 1] the generic quadric of rank 12 (i.e. Q) corresponds in a suitable 
coordinate system vi, . . . ,vq to the 3 form wi A ^2 A us + f 4 A D5 A ug . We can then 
recover the equation of Q and check directly that the singular locus meets G(2, V) 
in a fourfold Z linearly isomorphic to P^ x P^. Now, let i? be a generic (from one 
of the two families) 14-dimensional projective space contained in Q and let T be a 
generic 15-dimensional space containing it that intersects G(3, V) properly. Then 
T intersects Q vci R and another linear space i?', and the intersection of T with 
G(3,y) has two components Xi d R and X2 C i?', both of dimension 5. The 
union Xi UX2 has degree 42. Observe that Z is contained in exactly one of the two 
varieties Xi and X2 say X2 and in both R and R' . Now XiD Z = Xi n X2 n Z is 
contained in a linear section of Z, hence Xi does not span the whole space R, i.e. it 
is contained in a 13-dimensional linear subspace. Moreover ROR' = {Xi n X2) U Z 
is a hyperplane section of X2 and Xi n X2 is a hyperplane section of Xi . It follows 
that deg(Xi) = 18 and deg(X2) = 24. Using the standard example we have Xi 
is smooth. Finally we get by adjunction that Kx^ — —311. It is therefore a Fano 
5-fold of index 3, degree 18 and Picard number 1. By the theorem of Mukai (see 
[21 thm. 5.2.3]) it is a section of G2 hence is isomorphic to G2. □ 

Remark 5.3. An alternative way of proving the above proposition is to perform 
a dimension count. Indeed, we can set up an incidence relation containing pairs 
each consisting of a quadric and a P^^ contained in it meeting G(2, 7) in a variety 
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linearly isomorphic to G2. The family of quadrics of rank 12 is 25 dimensional 
(see [H fig. 1]) each contains a 15-dimensional family of 14-dimensional subspaces, 
hence the incidence has dimension 40. From the other side let us start with G2. 
In G{2, W) there is a 34-dimensional family of varieties linearly isomorphic to G2 
(parameterized by 3-forms on W). Now each of them is contained in a 6-dimensional 
family of quadrics which is in the incidence. It follows that each variety obtained 
in the construction is linearly isomorphic to G2. 

Let us now pass to the description of F in G(3, U). We shall use the following. 

Lemma 5.4. All nontrivial quadrics containing < F > UG(3, U) are of rank 12. 

Proof. It is easy to see that there is a surjective map from U ®U* to the space of 
quadrics generating G(3, U). The map is given by: [/(g)C/*9u®wH'(A U 3 
a !->■ (a A u){v) A a e /\^ U) e S'^{/\^{U)). We check directly in the introduced 
basis for the constructed family of examples that for each A the space of matrices 
corresponding to the space of quadrics containing F'*' = H^ n G(3, C/)is as follows: 

/ (A + 1)5 -A(A + 1)F 

(A + 1)5 

D 

-(A + 1)G (A + 1)G 

-F 

V -A (A + 1)5 A(A + 1)G 

Then we check possible eigenforms to sec that they all correspond to rank 12 
quadrics. D 

It follows that we have a 7-dimensional space of quadrics of rank 12 containing 
< F > UG(3, U). We also observe that the generic rank 12 quadric corresponds to a 
matrix with diagonal eigenform and three (i.e. three pairs of) distinct eigenvalues. 
It follows that the singular set of such a quadric meets G(3, U) in a variety linearly 
isomorphic to the Segre embedding of P^ x P^ x P^ . Now we can copy the proof 
of Proposition 15.21 in this context using our constructed example instead of the 
standard description of G2 . This proves the following. 

Proposition 5.5. Let Q be a generic quadric of rank 12 containing the Grassman- 
nian G(3, U). Then there are two isomorphic families of I'i- dimensional projective 
spaces contained in Q, say J- and Q such that the following holds: 

• If R€ J-, then i?nG(3,C/) is linearly isomorphic to FUD, where D is the 
intersection of the singular locus of Q with G(3, W) and is isomorphic to 
pi xPi xP^ 

• If R € G, then R fl G(2, W) is linearly isomorphic to a Fano threefold of 
degree 24 containing D. 

Remark 5.6. Performing a dimension count in this context we get a two parameter 
subgroup of Sl(6) acting on F. Indeed, let us first compute the dimension of the 
family of quadrics of rank 12 containing G(3, W). The generic such quadric has a 
singular P* meeting G(3, 6) in a P^ x P^ x P^ corresponding to three skew lines in W. 
Triples of such lines are parameterized by a 24-dimensional space. We easily check 
(by Macaulay 2 [3]) that the projection of G(3, 6) from such a P^ is a complete 
intersection of two quadrics. It follows that we have a 25-dimensional family of 
quadrics. Each considered quadric has a 15-dimensional (two components) family 
of 13-dimensional projective spaces. Now each smooth Fano fourfold of genus 10 
and index 2 contained in G(3, W) is contained in a 6-dimensional space of quadrics. 
As there is a one-parameter family of such Fano varieties the group Sl(6) acting on 
G(3, 6) makes a 33-dimcnsional family of varieties linearly isomorphic to F. 
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Corollary 5.7. The projections from the span ofP^ x P^ x P^ C G(3, W) and from 
the span o/P^ x P^ C G{2,V) define birational maps from F to quadrics in P^. 

Proof. We check directly, with Macaulay 2 [9 , that the projection from P^ x P^ x P^ 
maps G(3, W) birationally to a complete intersection of a pencil of quadrics in P^^, 
and likewise that the projection of G(2, V) from P^ x P^ defines a rational fibration 
of G{2,V) over a complete intersection of a pencil of quadrics in P^^. From the 
constructions above it follows that the corresponding F and G2 map through these 
maps to quadrics in P^. The assertion follows. D 

Remark 5.8. The two pencils of quadrics appearing in the above proof are distinct 
pencils of quadrics in F^^. The image of the projection of G(3,6) is defined by a 
pencil of quadrics of rank 12 with three degenerate elements of rank 8, whereas the 
pencil of quadrics defining the image of the projection of G(2, V) has two degenerate 
elements of rank 6. 

6. The moduli space 

In this section we construct the announced moduli spaces. We start with a 
generic K3 surface (5, L) of genus 10. Then 5' is a proper section of G2 by a 10- 
dimensional linear space. The variety G2 spans a 13-dimensional space R, hence 
there is a plane Ilg C R* of hyperplanes of R containing S. By Theorem 11.11 a 
generic hyperplane H G U-s, outside a smooth sextic curve, corresponds each to 
a unique embedding of S in G(3, U). Such an embedding gives rise to two stable 
and distinct bundles of rank 3 with a 6-dimensional vector space of sections and 
determinant L by Proposition 14.11 and Proposition 14.21 respectively. Since L is 
nondivisible every semi-stable bundle in Ms(3, L, 3) is stable, therefore, by P^ . 
the moduli space M5(3,L, 3) is a smooth K3 surface. By our Proposition 15.51 and 
Proposition [121 the family of bundles we obtain is a 2-dimensional algebraic family 
of pairwise non-isomorphic bundles. It follows that this family of bundles is an 
open subset of the K3 surface Ms(3, L, 3). We constructed a rational map from 
this surface to P^ which is a two-to-one morphism over the complement of a smooth 
sextic. It follows that the K3 surface is a double cover of fig ~ P^ branched over 
lis n G2, where G2 denotes the dual hypersurface to G2. Indeed, by the generic 
point on the sextic dual to G2 corresponds to a nodal hyperplane section which 
admits a unique projection from its node to LG(3, 6). It follows that for a chosen S 
the sextic Us n G2 parameterizes bundles which are puUbacks by these projections 
of the universal quotient bundle on LG(3, 6). Notice that on LG(3, 6) the universal 
quotient bundle is isomorphic to the dual of the universal sub-bundle. 

For a general Fano 3-fold {X, L) of genus 10, we do not know a general structure 
theorem for the moduli space of stable bundles, so we do not aim for a complete 
description in our case. Still, in analogy with the surface case we get an irreducible 
component of the moduH space. We start with X as a proper section of G2 by a 11- 
dimensional linear space. As above, the pencil of hyperplane sections F of G2 that 
contains X gives rise to a pencil of pairs of rank 3 vector bundles in Mx(3, L, a, 2) 
that are pairwise distinct. For the six singular hyperplane sections in the pencil, the 
two bundles coincide, so we get a complete family of vector bundles. To complete 
the proof of 11.31 we need only show that this family is dense in its closure. But 
for each bundle E in the family the natural map 4>e ■ f\^H^{X,E) — >• H^{X,L) is 
surjective, and for the general E in the family, (Jje even induces an embedding of 
X into G(3, 6). These two properties clearly define open conditions on the moduli 
space Mj5s:(3, L, a, 2). So it suffices to show that if i^ is a bundle in Mjc (3, L, a, 2), 
such that (j)E is surjective and defines an embedding of X into G(3, 6), then E is the 
restriction of a bundle on a Fano 4- fold F that contains X. By abuse of notation 
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we denote again by X the image of the embedding into G(3,6). Then E is the 
restriction to X of the universal quotient bundle on G{3,6). Let S he a generic 
hyperplane section of X. By the above, the surface S is the codimension 2 linear 
section of a unique Fano 4-fold F of genus 10 and index 2 in G(3, 6). Furthermore, 
this 4-fold F is a complete linear section of G(3, 6) with a P^^. We claim that X is a 
hyperplane section of F. Assume it is not. Then the linear span H13 =< FUX > is 
a P^'^. Consider a general quadric hypersurface Q in P^^ =< G'(3, 6) > that contains 
Hi3 U G(3, 6). We observed above that all quadrics containing < F > UG(3, 6) are 
of rank 12. Since i/13 =< F U X > contains < F > we conclude that Q has rank 
12. Let Hi4 be a general F^'^ that contains H13. Then H14 D Q splits into the union 
of i/i3 and another projective space H[^ of dimension 13. By genericity Hy^ does 
not contain X: The singular locus of Q is the base locus of the system of H[^s in Q 
obtained as H14 varies. This singular locus Sing{Q) is a linear space of dimension 
7, and hence does not contain X. Now, every component of Hu n G(3,6) has 
dimension at least 4, so every component of Hi^ n G(3, 6) which is not contained in 
Sing{Q) must also have dimension at least 4. On the other hand _F is a complete 
hyperplane section of iJia fl G(3,6), so the latter have dimension at most 5. This 
leaves only two possibilities: 

• iJi3 n G(3, 6) is a 5-fold F5. Since F is smooth, it can only have isolated 
singularities. Then a generic hyperplane section of F^ containing X is also 
a smooth Fano 4-fold F' of degree 18 and index 2. But S is contained in 
X and therefore also in F', contrary to the unicity of F. 

• 7?i3 n G(3,6) is a 4-fold with at least two components, each of degree 18 
and none containing Sing{Q) D G(3, 6), which is a threefold in a P^. It 
follows that the generic element of the system H[^ intersects G(3, 6) in a 
4-fold of degree < 42 — 36 = 6, so the generic element of the system H13 
in Q intersects G{3, 6) in a 4-fold of degree > 36. Consider the intersection 
7^13 n H[^ n G{3, 6). It is a hyperplane section of both H13 n G(3, 6) and 
^13 1^ ^(3, 6). Then H[^ n G(3, 6) must also have degree at least 36 which 
gives a contradiction. 

This concludes the proof of Theorem 11.31 

We end this section with the proof of Corollary 11.41 a corollary of our study of 
the Hilbert scheme of conic sections in a different direction. Consider first S'^l = 
Hilb^S, the Hilbert scheme of pairs of points on a general K3 surface section of 
G2. We may assume that S contains no lines, so by Lemma [3.41 there is a unique 
conic section through any pair of, possibly infinitesimally close, points. We may 
also assume that S contains no conic sections, so each conic section lies in a unique 
Fano 3-fold section X of G2 that contains S. Thus we obtain a morphism S'^^I — )■ P^. 
The fiber Fx over X is precisely the Hilbert schemes of conic sections contained 
in X. Sawon proved, [221 Theorem 2], that S'^^l has a Lagrangian fibration to P^. 
Markushevich identified the target P^ with the linear system of the ample generator 
of the Picard group on Ms(3, L, 3). He proved, [TUl Theorem 4.3], that the general 
fiber is the Jacobian of the corresponding curve in the linear system. In our case 
the linear system is |Mx|, so we conclude that the Hilbert scheme of conies sections 
on X coincides with the Jacobian of the genus 2 curve Mx ■ 
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